A uniform bound of intersection multiplicities of curves and divisors on abelian varieties is proved by algebraic geometric methods. It extends and improves a result obtained by A. Buium with a di erent method based on Kolchin's di erential algebra. The problem is modeled after the \abc-Conjecture" of Masser-Oesterl e for abelian varieties over the function eld of a curve. As an application a niteness theorem will be proved for maps from a curve into an abelian variety omitting an ample divisor.
(i) The condition that the given divisor D contains no translate of non-trivial abelian subvarieties can be removed, as conjectured in Bu98]: (ii) The bound N depends only on the numerical data involved the genus g of the compact curve C, the dimension of A, and the top self-intersection numberD dimA .
Moreover, we show that Theorem A permits a generalization to the semi-abelian case and we give an application to a niteness theorem for maps from a curve into an abelian variety omitting an ample divisor (Theorem 8.1).
Our main result is the following:
Main Theorem. Let A be a semi-abelian variety (i.e., a connected commutative reductive algebraic group), let A , ! A be a smooth equivariant algebraic compacti cation, let D be an e ective reduced ample divisor on A, let D = D \ A, and let C be a smooth algebraic curve with smooth compacti cation C , ! C. Then there exists a number N 2 N such that for every morphism f : C ! A either f(C) D or mult x f D N for all x 2 C. Furthermore, the number N depends only on the numerical data involved as follows:
(i) The genus of C and the number #( C n C) of the boundary points of C, (ii) the dimension of A, ( iii) the toric variety (or, equivalently, the associated \ f a n ") which occurs as closure of the orbit in A of the maximal connected linear algebraic subgroup T = (C ) t of A, In particular, if we l e t A, A, C and D vary within a at connected family, t h e n w e can nd a uniform bound for N. For Remark. If D is an e ective divisor on a compact complex torus M which is not ample, then there exists a subtorus St(D) o f A stabilizing D such t h a t D is the pull-back of an ample divisor on A=St(D). Thus one can easily generalize our theorem to the non-ample case.
For toric varieties we obtain Theorem 1.2 Let A be a toric variety with open orbit A, let C be an a ne curve, let D be an ample divisor on A. Then there exists a number N depending on the genus of the smooth compacti cation C of C, #( C n C) and the numerical data of (A A D) such that for every morphism f : C ! A we have either f(C) D or mult x f D N x2 C.
Acknowledgement. The authors are grateful to Professor Yukitaka Abe for the discussion on Theorem 5.7 he gave another proof for the theorem when the algebraic torus C t is compacti ed by ( P 1 (C)) t .
Basic idea
The goal is to achieve a bound on the possible multiplicities for f D where D is a divisor on an abelian variety A, C is a curve and f runs through all morphisms f : C ! A except those with f(C) Supp D (= the support of D).
A rather naive idea would beto de ne subsets Z k of the space Mor(C A) of all morphisms from C to A by requiring that f 2 Z k if and only if f D has multiplicity k somewhere. Then the Z k form a decreasing sequence of subsets of Mor(C A). Now, if Mor(C A) w ere an algebraic variety a n d Z k were algebraic subvarieties, this sequence Z k would eventually have to stabilize, i.e., there would bea numberN such that Z k = Z N for all k N. Unfortunately Mor (C A) is not necessarily an algebraic variety, but it may h a ve in nitely many irreducible components. This in nitude make things complicated.
Our approach is to embedMor(C A) into a larger connected space H, such that the Z k can beextended to a sequence of algebraic subsetsZ k which e v entually stabilizes. This is done in the following way: Every morphism f : C ! A induces a morphism from the Albanese Alb(C)
to A which in turn induces a holomorphic map between the respective universal coverings. The crucial fact here is that a morphism between compact complex tori necessarily lifts to an a nelinear map between the corresponding universal coverings. Clearly the space Lin(C n C m ) o f a l l a ne-linear maps from one C n to a C m is connected, and also carries a natural structure as an algebraic variety.
Now let H = C D Lin(C n C m ). Then we can de ne subsetsZ k H in the following way: (p q ) 2Z k if and only if there is a holomorphic map germ f : ( C p) ! (A q) s u c h that f D has multiplicity k at p and f lifts to an a ne-linear map whose linear part is . Then H is an algebraic variety, and the subsetsZ k form a descending sequence of closed algebraic subvarieties, which e v entually stabilizes.
Note that, up to the choice of a base point, the universal covering of the Albanese torus of a projective v ariety can be canonically identi ed with the dual vector space of the space of global holomorphic 1-forms. Correspondingly, in the proof itself we discuss induced maps between these vector spaces rather than maps between the universal covering of the respective Albanese tori.
3 Basic notions
Commutative reductive groups
We recall some basic terminologies.
De nition 3.1 (i) A complex Lie group G is said to be reductive if G itself is the only complex Lie subgroup H G containing a maximal compact subgroup of G.
(ii) A (complex) semi-torus is a connected commutative reductive complex Lie group.
Every semi-torus A admits a short exact sequence of commutative complex Lie groups
where M is a compact complex torus and T = (C ) t for some t 2 N.
A commutative algebraic group T is called a semi-abelian variety if there exists a short exact sequence of algebraic groups as in (3.2) (with M being an abelian variety).
Neither presentation (3.2), nor the compact torus M is unique in the complex-analytic category. However, if A is a semi-abelian variety, then there is one and only one such algebraic presentation. This fact can be deduced in the following way: The theorem of Chevalley implies that there is a linear algebraic subgroup T of A such that M = A=T is an abelian variety ( Bo91] ). This linear algebraic subgroup T is unique, because every morphism from a linear algebraic group to an abelian variety is constant. Thus, for a semi-abelian variety A there is exactly one presentation 1 ! T ! A ! M ! 1 such that T, M and the morphisms are all algebraic.
A di erent way to characterize semi-tori is the following: A complex Lie group A is a semitorus if and only if it is isomorphic to a quotient (C n +)=;, where ; i s a discrete subgroup of C n spanning C n as complex vector space.
De nition 3.3 Let A be a complex semi-torus. An equivariant smooth compacti cation A , !
A is said to be quasi-algebraic if every isotropy subgroup of the A-action on A is reductive.
If A is a semi-abelian variety, then evidently every algebraic compacti cation A is quasialgebraic (but not conversely). Let us now discuss the case where A is a semi-abelian varierty. We claim that in this case every smooth algebraic equivariant compacti cation A , ! A is compatible with the unique algebraic presentation. Indeed, let A , ! A bea smooth equivariant algebraic compacti cation. Since A acts e ectively, for every x 2 A and g 2 A x = fg 2 A g(x) = xg n f 1g the automorphism of A given by g induces a non-trivial automorphism of the local ring at x and therefore on the space The sheaf 1 N (log D) is locally free, and the dual bundle of its associated vector bundle is called the logarithmic tangent bundle, denoted by T(N log D) ( I76] ).
Let M Nbe complex manifolds and D Edivisors with only normal crossings on M resp. N.
Let F : M n D ! N n E be a holomorphic map which extends to a meromorphic map from M to N. Then F 1 N (log E) 1 M (log D).
In general, let X be a reduced complex space and let E be a reduced complex subspace of X (we will actually deal only with algebraic X). By the well-known Hironaka resolution there is a proper holomorphic mapping :X ! X such thatX is smooth, andẼ = ;1 (E) is a divisor with only normal crossings. Then we h a ve 1X (logẼ) de ned as above.
We de ne the sheaf of logarithmic 1-forms on X along E by its direct image sheaf: Equivalently, for any complex space X we can de ne the space J k p (X) o f k-jets at a point p 2 X as the space of holomorphic mappings from Spec Cftg=(t k+1 ) to X which map the geometric point o f S p e c Cftg=(t k+1 ) t o p.
The maximal ideal of Spec Cftg=(t k+1 ) is denoted by m(k). A holomorphic mapping : X ! Y between complex spaces induces C -equivariant mappings 
Proof of the Main Theorem in absolute case
Here we deduce the following key lemma. 
Proof. The morphism induces a bundle morphism : T( B log @B) ! T( A log @A ).
It follows from (3.9) and Proposition 3.11 that there is a Lie algebra homomorphism : 
Line bundles
The A-orbits in A of a given codimension are in one-to-one correspondence with the T-orbits of that codimension in T. In particular, there is a bijective correspondence between T-invariant divisors on T and A-invariant divisors on A. Since 
Very ampleness criterion
We k eep the notation in the previous section.
For every ample line bundle L on a projective manifold X there exists a numberm, depending on both X and the polynomial P L (k) = (X L k ) such that L m is very ample (Matsusaka's theorem, see Ma72]). It is well-known that m can bechosen as 3 if X is an abelian variety (see, e.g., Mu70]). Here we p r o ve a similar result for the case where X is a smooth equivariant compacti cation of a semi-abelian variety.
We will employ the following auxiliary fact on line bundles on toric varieties:
Lemma 5.6 Let L be an ample line bundle on a smooth compact toric variety T = F and let p 2 T. Then by the general theory of linear algebraic groups (cf., e.g., Bo91]) there is a \character" , i.e., a Lie group homomorphism : T ! C and a section 2 H 0 ( T L ) such that (p) 6 = 0 a n d (t x) = (t) (x) 8x 2 T t 2 T. Now l e t D = div( ), the divisor de ned by . 
Proof. We may choose l such that L l is very ample (Proposition 5.7) and that furthermore L l K ;1 A is ample (Proposition 5.10). By the Kodaira Vanishing Theorem, the ampleness of
6 Parametrizing spaces 6.1 Characterizing compacti cations of semi-abelian varieties
We start with a preparatory lemma. As a connected commutative algebraic group, either A is a semi-abelian variety, o r i t c o n tains an algebraic subgroup U isomorphic to the additive group (C +). If A contains such a subgroup U, then every non-trivial U-orbit is a ne and one-dimensional, and therefore contains a U-xed point p 2 X in its closure. Being unipotent, elements of U induce unipotent endomorphisms of T p X. This however implies that a vector eld v 2 Lie (U) induces a nilpotent endomorphism of T p X, contradicting property (iv). Thus A cannot contain an algebraic subgroup isomorphic to the additive group and therefore must be a semi-abelian variety. Thus, we obtain the following:
Theorem 6.3 Let p : U ! S be a at family of smooth projective varieties, let be an e ective divisor on U, and let S 0 be t h e s e t o f p oints s 2 S such that p ;1 (s) n is a semi-abelian variety with p ;1 (s) n , ! p ;1 (s) 6.3 Semi-abelian varieties Proposition 6.5 Let (C ) t = T , ! T be a smooth projective toric variety, let f i g i2I be a Z-module basis of H 2 ( T Z) with i 2 H 2d i ( T Z) ( Proof. First note that topologically A = T M with M = A=T and that H ( T Z) is generated by the invariant divisors of T while T M is trivial. Therefore the Chern classes of T A can be expressed in terms of the generators of H 2 ( T Z). Via Hirzebruch-Riemann-Roch's theorem it follows that the Hilbert polynomial of D is determined by the conditions i D] n;d i = s i (i 2 I).
Furthermore T determines a numberl such that lD is very ample with h 0 (L(lD)) = (L(lD)) (Corollary 5.11). Hence these conditions also determine a polynomial P 2 and a numberk such that A can be embedded into P k (C) with Hilbert polynomial P 2 .
The boundary @Aof A in A is a divisor and its intersection numbers are determined by the choice of the toric variety T. Thus the Hilbert polynomial of this divisor @Ais also determined by t h e c hoice of the toric variety.
By the general theory of Hilbert schemes we now obtain a morphism between projective algebraic varieties 2 : U 2 ! Q 2 and divisor 2 2 Div(U 2 ) satisfying the following property:
For every (A A D) with the given numerical data we can nd a point q 2 Q 2 such that there is an isomorphism : A ! ;1 2 (q) with ;1 ( ) = D and ;1 ( 2 ) = @A . By Proposition 6.2 we m a y replace Q 2 by a closed subspace and therefore assume that there is a Zariski-open subset W Q 2 such that the ber ;1 2 (q) is a smooth equivariantly compacti ed semi-abelian variety for every q 2 W. Q.E.D.
7 Proof of the Main Theorem in general case 7.1 Compacti ed total space of a coherent sheaf If E ! X is a vector bundle of rank n over a compact complex space, then E admits a compacti cation in the form of an embeddinginto a P n -bundle E over X. This construction can be generalized to coherent s h e a ves. (ii) Each b e r o f is a complex vector space, where the vector addition is given by and the scalar multiplication by .
(iii) For every point x 2 X t h e r e i s a n o p e n n e i g h bourhood U and a numbern 2 N such that there is a commutative diagram
where V j U = ;1 (U) a n d is an embedding, linear on every ber of .
As described in G62], for every coherent sheaf S on a complex space X there exists a \linear space" V ! X such that S is isomorphic to the sheaf of those holomorphic functions on V which are linear on each ber. Furthermore, if X is compact, there is a natural compacti cation V , ! V induced by C n , ! P n in each b e r . The points in the boundary @V= V nV correspond to complex lines in the bers of . The points of Q are the \nice" points in which w e are really interested.
For each of the morphisms i : U i ! Q i , the sheaf of horizontal logarithmic di erential forms along i is de ned to be the subsheaf of those logarithmic di erential forms whose induced di erentials on bers vanish. This is a coherent sheaf as well as the quotient sheaf of all di erential forms divided by the horizontal ones. This quotient sheaf we call the \sheaf of vertical logarithmic di erential forms" denoted by By Proposition 3.11 we can identify m(k) S iq i with J k (U iq i log iq i ) f o r q i 2 Q i , and J k (U iq i log iq i )j U iq i n iq i = J k vert (U i )j U iq i n iq i :
As in (4.3), we next de ne algebraic subsets Z k L Q ((U 1 n 1 ) ( n 2 )), k = 1 2 : : : Before we p r o ve the theorem we need the following.
Lemma 8.2 Let C be a smooth algebraic curve with smooth algebraic compacti cation C , ! C, let A be an abelian variety, and let D be an ample hypersurface in A. Let f : C ! A be a morphism with f(C) A n D, a n d let f a : C ! A be given by f a (t) = a + f(t). Set P = fa 2 A : f a (C) A n Dg:
Then either there exists a point p 2 A with f p (C) D or P is nite.
Proof. Let S = C n C. Let set A = E 2 . Then D = f0g E + E f 0g is ample. Set C = E and C = E n f 0g. There are in nitely many morphisms f a : x 2 C ! (x a) 2 A n D a 2 C:
In this case, f 0 (C) D.
